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Abstract
Motivated by the recent use of certain consistent truncations of M-theory to study con-
densed matter physics using holographic techniques, we study the SU(3)-invariant sector of
four-dimensional, N = 8 gauged supergravity and compute the complete scalar spectrum at
each of the five non-trivial critical points. We demonstrate that the smaller SU(4)− sector
is equivalent to a consistent truncation studied recently by various authors and find that the
critical point in this sector, which has been proposed as the ground state of a holographic su-
perconductor, is unstable due to a family of scalars that violate the Breitenlohner-Freedman
bound. We also derive the origin of this instability in eleven dimensions and comment on
the generalization to other embeddings of this critical point which involve arbitrary Sasaki-
Einstein seven manifolds. In the spirit of a resurging interest in consistent truncations, we
present a formal treatment of the SU(3)-invariant sector as a U(1) × U(1) gauged N = 2
supergravity theory coupled to one hypermultiplet.
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1 Introduction
Much of the progress in AdS/CMT has been driven by “phenomenological holography” in which
the gravity dual of an interesting condensed matter system is postulated ab initio (see, for
example, [1, 2, 3]), without using the more well-established holographic field theories and their
gravity duals. In a sense, this sort of approach is reminiscent of Landau-Ginzburg theory but
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with the important new addition of gravity, whose roˆle is to provide all the features of holography
and, in particular, improve the strong coupling behavior of the effective field theory description.
It is, of course, likely that many of these more phenomenological models can be realized in
either M-theory or IIB supergravity (see, for example, [4, 5, 6, 7, 8, 9]), where there is a “tried-
and-true” holographic dictionary. It is very important to perform such embeddings not only
because of the dictionary but also to make sure that the complete holographic theory does not
have other low-mass modes that compromise or destroy the effect that one finds in the reduced
or effective field theory. There are two crucial issues here: consistent truncation and stability.
The goal is to construct a stable solution of M-theory or IIB supergravity that represents a
flow or fixed point of interest. It is, however, often easier to work in a four- or five-dimensional
truncated theory in which many of the complexities of the higher-dimensional supergravity theory
are encoded in a scalar potential. Consistent truncation means that the fields that have been
included in the lower-dimensional theory do not source other fields in the higher dimensional
supergravity theory and so if one solves a lower-dimensional theory one is guaranteed to have a
solution to the higher-dimensional theory (M-theory or IIB supergravity).
Stability is rather more subtle. The supergravity potentials are generally unbounded below
and do not even have local minima but merely have critical points at negative values of the
potential. The negative values of the potential lead to anti-de Sitter (AdS) vacua that are
expected to be dual to non-trivial conformal fixed points in the field theory. In such a vacuum,
one can tolerate a certain amount of negative mass because the gravitational back-reaction can
stabilize the vacuum [10]. To be more precise, suppose that there is a scalar field, φ, in d-
dimensions with a potential, P(φ), that has a critical point at φ0. Taking the Lagrangian to
be
e−1L = 1
2
R− 1
2
(∂µφ)
2 − P(φ) , (1.1)
then the AdSd vacuum at φ0 is stable to quadratic fluctuations if [10, 11]
(d− 1)(d− 2)
2
(P ′′(φ0)
P(φ0)
)
≤ (d− 1)
2
4
. (1.2)
For more general Lagrangians with more scalars and more complicated kinetic terms, one expands
quadratically, normalizes to the form of (1.1) and then applies the Breitenlohner-Freedman (BF)
bound, (1.2), to the eigenvalues of the quadratic fluctuation matrix for the potential. In the
holographically dual field theory, violating the bound, (1.2), shows up as a manifest pathology:
The holographic dictionary shows that such perturbations are dual to operators with complex
conformal dimensions.
Supersymmetry guarantees stability through the usual energy bound arguments applied to
anti-de Sitter space [12, 13]. This implies complete classical and semi-classical stability, and
not merely to solutions based upon critical points. Supersymmetric flow solutions are therefore
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completely stable. The problem with imposing supersymmetry is that it also greatly restricts the
physics. Indeed, in its simplest form, superfluidity and superconductivity require the formation of
a fermion condensate and it is rather unclear whether such a condensation alone could be rendered
supersymmetric. It is possible that there might be some BPS bound that is preserved by the
condensate and it would thus be supersymmetric. There might also be some additional boson
condensate, possibly dual to some lattice phonons, so that supersymmetry is preserved. One
might also take the general view, as one frequently does in the study of Yang-Mills theories, that
a supersymmetric condensate, while not describing precisely the physics of interest, could capture
some of the universal strong coupling effects of the theory of interest. Thus supersymmetry
is a double-edged sword: It bestows stability but at the possible cost of losing some of the
possible broader physical applications. It is therefore very valuable to study non-supersymmetric
flows and fixed points to determine whether they might be stable and thus describe physically
interesting dual field theories.
In this paper we will consider the SU(3)-invariant sector of gauged N =8 supergravity in four
dimensions and examine the bound, (1.2), at all five critical points1 [14] for all 70 scalars of the
original N =8 theory.
Recall the simple argument in [14] that allows one to study the truncated theory and find
extrema of the full scalar potential P(φ): consider a subgroup G ⊂ SO(8) and denote the G-
invariant scalar fields by φa while the others are denoted by ψi. Now write the full scalar potential
of the N = 8 theory as an expansion in the fields ψi of the form:
P(φa, ψi) =
∞∑
n=0
P(n)i1...in(φa)ψi1 . . . ψin , (1.3)
where P(n)i1...in is a G-invariant tensor of rank n. Similar expansions are performed for all other
terms in the supergravity Lagrangian. Since there is no invariant tensor of rank one, one must
have P(1) = 0. As a consequence we see that restricting to just the φa fields is indeed a consistent
truncation, in particular if φa = φ
∗
a is an extremum of P(0)(φa), then (φa, ψi) = (φ∗a, 0) is an
extremum of P(φa, ψi). However, the stability of this extremum is not guaranteed. To determine
stability one must compute P(2)(φa) (as well as the kinetic terms) and apply the BF bound as
outlined earlier. In this work we take G = SU(3) and find that all non-supersymmetric SU(3)-
invariant critical points are unstable within the four-dimensional N = 8 theory. Interestingly
enough, these instabilities cannot always be seen within the N =2 supergravity theory defined
by SU(3) invariance: The instabilities really do involve modes that come from the other ψi sector
of the complete theory.
1It should be noted that recently other critical points of the N = 8 theory have been found in the impressive
work [15].
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In this paper we will pay particular attention to the instability of the non-supersymmetric
SU(4)− critical point, which is one of the examples considered in detail in [7, 9] in the context of
holographic superconductors. This critical point has a well-known uplift to eleven-dimensional
supergravity, the so-called Pope-Warner (PW) solution [16], which is given by an AdS4 com-
pactification with a deformed S7 and internal flux. We study fluctuations around this eleven-
dimensional solution, identify the unstable modes and relate them to the unstable scalar modes in
four-dimensional N = 8 gauged supergravity. We show that the instability in eleven-dimensions
is triggered by a flux perturbation represented by a primitive harmonic (2, 2) form on the C4
cone over S7 which transforms in the 20′ of SU(4). Through the coupling to the background
flux of the PW solution, this form sources other non-trivial flux and metric perturbations. The
structure of the unstable modes suggests that the instability may persist also for the more gen-
eral PW solutions which are obtained by replacing the deformed S7 with more general deformed
Sasaki-Einstein manifolds [17].
The SU(3)-invariant sector of gauged N = 8 supergravity is an interesting theory in its
own right: It is a gauged N = 2 supergravity theory coupled to one vector multiplet and one
hypermultiplet. We will study this model in some detail, and translate between the formulation
in terms of the truncated model and the language of special and quaternionic Ka¨hler geometry.
In Section 2 we give complete details of the bosonic action of the truncatedN = 2 supergravity
theory. In Section 3 we further specialize this to the SU(4)− invariant sector and look at the
quadratic fluctuations around two of the critical points in this sector. The unstable modes at
the SU(4)− point are studied in detail from the point of view of eleven-dimensional supergravity
in Section 4. Section 5 contains our conclusions. We present details of the stability of all critical
points in Appendix A. In Appendix B we translate our N =2 supergravity theory, coupled to
a vector multiplet and a hypermultiplet, to the more standard formulation in terms of special
and quaternionic Ka¨hler geometry. In Appendix C we summarize some useful branching rules
for irreducible representations of SO(8).
2 The SU(3)-invariant sector of gauged N = 8 supergrav-
ity
In this section we compute the complete bosonic action of the SU(3)-invariant sector of gauged
N = 8 supergravity in four dimensions. While several parts of this action have been computed
previously (starting with [14] where the scalar potential was computed) the full action has never
been worked out and we will need it later to precisely compare with results obtained in [9].
The eight supersymmetries of the N = 8 theory decompose as 3 ⊕ 3¯ ⊕ 1 ⊕ 1 of SU(3) and
so the SU(3)-invariant sector has N = 2 supersymmetry. Inside SO(8) the SU(3) commutes
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with U(1)× U(1) and one of the corresponding vector fields must be the graviphoton while the
other must generate a vector multiplet. As was observed in [14], there are six scalars that are
SU(3) singlets and two of these must lie in the vector multiplet and so the remainder must lie
in a hypermultiplet. We thus have N =2 supergravity, coupled to one vector multiplet and one
hypermultiplet. Our purpose in this section is to exhibit, in detail, the embedding of this N =2
theory in the N =8 theory.
The bosonic sector of the truncated Lagrangian is a sum:
L = LEin. + Lgauge + Lkin. − eP , (2.4)
where LEin. = 12eR is the usual Einstein term,2 Lgauge is the Lagrangian for the gauge fields, which
includes couplings to the neutral scalar field, Lkin. is the kinetic term of the scalar Lagrangian
with the minimal coupling to the gauge fields, and P is the scalar potential. If the reader is not
interested in the details, Lgauge is given in (2.45)–(2.50), Lkin. in (2.13) and P in (2.37).
2.1 The scalar fields
2.1.1 The N =8 scalar action
The scalars of the N =8 theory lie in the coset E7(7)/SU(8) whose non-compact generators can be
represented by a complex, self-dual four-form, considered as a 28×28 matrix: ΣIJKL = Σ[IJ ][KL].
That is, one defines a non-compact generator, G, in the 56-dimensional representation of E7(7)
(see, Appendix A in [18]),
G =
 0 ΣIJKL
ΣMNKL 0
 . (2.5)
The components ΣIJKL are complex conjugate of ΣIJKL and the self-duality constraint is
ΣIJKL =
1
24
ǫIJKLMNPRΣ
MNPR . (2.6)
The exponential map, G → V ≡ exp(G), defines coset representatives and determines the scalar
vielbein and its inverse,
V =
uijIJ vijKL
vklIJ uklKL
 , V−1 =
 uijIJ −vklIJ
−vijKL uklKL
 , (2.7)
in terms of which the supergravity action is constructed.3
2We use mostly + convention for the metric signature and denote e ≡ √−g.
3In this subsection capital Latin indices, I, J,K, . . ., transform under SO(8) and small Latin indices, i, j, k, . . .,
transform under SU(8).
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One then defines a composite SU(8) connection acting on the SU(8) indices according to
Dµϕi ≡ ∂µϕi + 12B iµ j ϕj , (2.8)
and introduces the minimal couplings of the SO(8) gauge fields with coupling constant g. For
example
DµuijIJ = ∂µuijIJ − 12B kµ iukjIJ − 12B kµ juikIJ − g
(
AKIµ uij
JK −AKJµ uijIK
)
. (2.9)
The composite connections are then defined by requiring that
(DµV)V−1 = −
√
2
4
 0 Aµijkl
Aµmnpq 0
 . (2.10)
More directly,
Aµijkl = −2
√
2
(
uijIJ∇µvklIJ − vijIJ∇µuklIJ
)
, (2.11)
where the covariant derivative in (2.11) is only with respect to the SO(8) indices of the scalar
vielbeins, that is
∇µvijIJ = ∂µvijIJ − g
(
AKIµ v
ijJK −AKJµ vijIK
)
, (2.12)
and similarly for other fields.
The scalar kinetic term is then given by
e−1LN=8kin. = −
1
96
AµijklAµijkl . (2.13)
The scalar potential in the N = 8 theory is:
P = −g2(3
4
∣∣A1ij∣∣2 − 124 ∣∣A2ijkl∣∣2 ) , (2.14)
where
A1
ij = 4
21
Tk
ikj , A2i
jkl = −4
3
Ti
[jkl] , (2.15)
and
Ti
jkl ≡ (uklIJ + vklIJ) (uimJKujmKI − vimJKvjmKI) , (2.16)
is the so-called T -tensor.
2.1.2 Quadratic fluctuations of the scalar action
The simplest, and most canonical method of generating scalar fluctuations about a given scalar
configuration is by using left multiplication of the E7(7) matrices. Let V0 be a generic, constant
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E7(7) matrix that represents some background scalar configuration. Fluctuations around this
background can be parametrized by another E7(7) matrix of the form
V(φ) = V˜(φ)V0 ≡ exp
(
70∑
i=1
φiGi
)
V0 , (2.17)
that depends upon space-time coordinates through the fluctuations, φi(x), of the scalar fields.
The sum in (2.17) runs over all non-compact generators, Gi, of E7(7) and the parametrization
(2.17) guarantees that the fields φi provide local coordinates on the coset at V0. Furthermore,
we have
(DµV)V−1 = (DµV˜) V˜−1 . (2.18)
We consider V˜ as a perturbation and expand it in the scalar fluctuations
V˜ = 1+
70∑
i=1
φiGi +
1
2
70∑
i,j=1
φiφjGiGj + . . . . (2.19)
Substituting this expansion in (2.18) and then using (2.10) to the linear order to evaluate (2.13),
yields an elementary expression for the kinetic terms of the perturbation. As a result one can al-
ways choose the basis of generators, Gi, so as to obtain a canonical kinetic term for the perturbing
fields
e−1δLN=8kin. = −
1
2
70∑
i=1
(∂µφi)
2 . (2.20)
To determine the expansion of other terms in the action to quadratic order in scalar fluctuations,
one also uses V = V˜V0, but being careful to retain all terms in (2.19) up to and including
quadratic order.
Later in this paper we will use this technique to calculate the spectrum of masses around
critical points of the potential (2.14) in the SU(3)-invariant sector, for which V0 will be the group
element representing a critical point and V˜ some completely general quadratic order fluctuation
in all 70 scalars. More generally, in Section 3.2, we will also consider a quadratic fluctuation
expansion which is valid along an uncharged flow between two critical points of the potential.
2.1.3 The SU(3)-invariant sector
To define the SU(3)-invariant sector it is useful to introduce Cartesian coordinates xI , I =
1, . . . , 8, on R8 and define the complex variables z1 = x1 + ix2 , . . . , z4 = x7 + ix8. The SU(3)
then acts on (z1, z2, z3) in the fundamental representation. From this one can then define two
manifestly SU(3)-invariant complex structures on R8 via:
J± =
i
2
(
3∑
j=1
dzj ∧ dz¯j
)
± i
2
dz4 ∧ dz¯4 , (2.21)
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and the corresponding two real four-forms
F+1 = J
+ ∧ J+ , F−1 = J− ∧ J− . (2.22)
The other real and manifestly SU(3)-invariant forms are given by defining the complex four-forms:
F+23 = dz1 ∧ dz2 ∧ dz3 ∧ dz4 , F−23 = dz1 ∧ dz2 ∧ dz3 ∧ dz¯4 , (2.23)
and then taking the real and imaginary parts:
F±2 + iF
±
3 = F
±
23 . (2.24)
The F+j are real and self-dual and the F
−
j are real and anti-self-dual. To get complex self-dual
scalars ΣIJKL one must take real linear combinations of F
+
j and iF
−
j and these parametrize the
manifold of SU(3)-invariant scalar fields.
As E7(7) generators, the F
±
1 commute with F
±
2 , F
±
3 and in fact represent the non-compact
generators of the coset
M =MSK ×MQK ≡ SU(1, 1)
U(1)
× SU(2, 1)
SU(2)× U(1) . (2.25)
The first factor, parametrized by F±1 , contains the two scalars of the vector multiplet and is a
special Ka¨hler manifold. The second factor, parametrized by F±2 , F
±
3 , is a quaternionic Ka¨hler
manifold and represents the scalars in the hypermultiplet. See Appendix B for a more extensive
discussion of these coset spaces.
We parametrize the scalar manifold, M, in terms of three complex fields ω1 and ω2, ω3, by
setting:4
Σ(ω1, ω2, ω3) =
1
2
(
Re(ω1)F
+
1 + i Im(ω1)F
−
1
)
+
1
4
(
ω2 F
+
23 + c.c.
)
+
1
4
(
ω3 F
−
23 − c.c.
)
. (2.26)
These E7(7) generators may be written in terms of the SU(1, 1)× SU(2, 1) Lie algebra generators
as
σ(2)(ω1) =
(
0 ω1
ω1 0
)
, σ(3)(ω2, ω3) =
 0 0 ω20 0 ω3
ω2 ω3 0
 . (2.27)
4This parametrization differs slightly from the one in [19], where we used
Σ(w1, w2, w3) =
3∑
j=1
(
Re(wj)F
+
j + i Im(wj)F
−
j
)
.
The relation between the two sets of fields is
ω1 = 2w1 , ω2 = 2 (Re(w2)− iRe(w3)) , ω3 = 2 (Im(w3) + i Im(w2)) .
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One can now exponentiate these matrices and introduce the standard projective coordinates,
z and ζ1, ζ2, defined by
z ≡ ω1 tanh |ω1||ω1| , ζi ≡
ωi+1 tanh(
√|ω2|2 + |ω3|2)√|ω2|2 + |ω3|2 , i = 1, 2 . (2.28)
Since ω1, ω2 and ω3 are arbitrary complex variables, the range of the new coordinates is |z| < 1
and |ζ1|2 + |ζ2|2 < 1.
In this parametrization, the SU(3)-invariant truncation of the Lagrangian (2.13) yields the
following:
e−1Lkin. = −gzz¯ ∂µz∂µz¯ − gζiζ¯j∇µζi∇µζ¯j , (2.29)
which is the Lagrangian of a gauged σ-model on the product coset space (2.25) with the unique
SU(1, 1) and SU(2, 1)-invariant Ka¨hler metrics
ds2SK = 3
dz dz¯
(1− |z|2)2 , (2.30)
and
ds2QK =
dζ1dζ1 + dζ2dζ2
1− |ζ1|2 − |ζ2|2 +
(ζ1dζ1 + ζ2dζ2)(ζ1dζ1 + ζ2dζ2)
(1− |ζ1|2 − |ζ2|2)2 , (2.31)
respectively. The covariant derivative of the charged scalar fields is
∇µζi = ∂µζi + g
1∑
α=0
AαµK
ζi
α , i = 1, 2 , (2.32)
where g is the coupling constant of the gauged supergravity, as in (2.9), and the Kα are the
Killing vectors on the quaternionic coset and will be defined in (2.40) below. Clearly, apart from
the relative normalization of the two terms in the Lagrangian, Lkin. is completely fixed by the
SU(1, 1)× SU(2, 1) global symmetry and covariance.
2.1.4 The scalar potential
The scalar potential in the SU(3)-invariant sector was first calculated in [14] and more recently
expressed using a complex superpotential in [20] (see also [19]). For the calculation of the
potential, it is sufficient to work with four scalar fields in a gauge-fixed sector of the theory. One
can then recover the dependence on all six fields by replacing gauge-fixed quantities with the
corresponding gauge invariants. The result we present here follows directly from the one in [19],
after one corrects a typographical error in Eqs. (3.13) of that reference. We have also directly
verified the result presented here by calculating it with all six fields present.5
5A direct calculation of the potential without gauge fixing has been also carried out recently in [21].
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If one defines the manifestly gauge-invariant complex field by
ζ12 =
|ζ1|+ i |ζ2|
1 +
√
1− |ζ1|2 − |ζ2|2
, (2.33)
then the two “holomorphic” superpotentials [20], obtained as eigenvalues of the A1-tensor (2.15)
on the SU(3)-invariant subspace, are:
W+ = (1− |z|2)−3/2(1− |ζ12|2)−2
[
(1 + z3) (1 + ζ412) + 6 z ζ
2
12(1 + z)
]
, (2.34)
and
W− = (1− |z|2)−3/2(1− |ζ12|2)−2
[
(1 + z3)(1 + ζ¯412) + 6 z ζ¯
2
12(1 + z)
]
. (2.35)
The remaining six eigenvalues of the A1-tensor correspond to the six supersymmetries that are
broken in the SU(3)-invariant sector.
The scalar potential (2.14) on the SU(3)-invariant fields is simply expressed in terms of either
of the real superpotentials W = |W+| or W = |W−| (cf. [20],[19]):
P = 2g2
[
4 gzz¯
∂W
∂z
∂W
∂z¯
+ 4 gζiζ¯j
∂W
∂ζi
∂W
∂ζ¯j
− 3W2
]
, (2.36)
or equivalently,
P = 2 g2
[
4
3
(1− |z|2)2
∣∣∣∣∂|W+|∂z
∣∣∣∣2 + (1− |ζ12|2)2 ∣∣∣∣∂|W+|∂ζ12
∣∣∣∣2 − 3 |W+|2] , (2.37)
or by a similar similar expression obtained by letting W+ → W− and ζ12 → −ζ12. It should be
clear that once the explicit dependence on all six fields is unravelled, the actual expression for
the potential becomes quite involved.
2.2 Gauge symmetries and vector fields
2.2.1 The embedding in SO(8)
The residual U(1)×U(1) gauge symmetry commuting with SU(3) ⊂ SO(8) corresponds to phase
rotations zj → eiϕzj, j = 1, 2, 3 and z4 → eiψz4, respectively. The two Abelian gauge fields,
Aα, α = 0, 1, parametrize the (normalized) SO(8) generator represented by the block diagonal
matrix
(AIJ) = diag
(
1√
3
(
0 A1
−A1 0
)
, 1√
3
(
0 A1
−A1 0
)
, 1√
3
(
0 A1
−A1 0
)
,
(
0 A0
−A0 0
))
. (2.38)
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In the unitary gauge, one can identify the U(1) × U(1) gauge group with a subgroup of
SU(2)× U(1) ⊂ SU(2, 1). In terms of the SU(2, 1) generators, the gauge field (2.38) becomes
1∑
α=0
AαTα =
i
4

A0 + 1√
3
A1 0 0
0 −A0 + 1√
3
A1 0
0 0 − 2√
3
A1
 . (2.39)
The Killing vectors, Kα, of the isometries generated by the left action of the Tα’s on the
coset, can be easily read off from (2.27) and (2.38). They are
K0 = i ζ1∂ζ1 − i ζ2∂ζ2 + c.c. , K1 =
√
3 i ζ1∂ζ1 +
√
3 i ζ2∂ζ2 + c.c. . (2.40)
The gauge transformations of the scalar fields can be read off from the transformations of the
corresponding four-forms,
z −→ z, ζ1 −→ ei(3ϕ+ψ)ζ1 , ζ2 −→ ei(3ϕ−ψ)ζ2 . (2.41)
Hence gauge fixing of the residual gauge symmetry amounts to fixing the phases of the scalar
fields ζ1 and ζ2.
2.2.2 The action
The Lagrangian for the gauge fields in N =8 four-dimensional supergravity is [18]:
e−1LN=8gauge = −
1
8
[
F+µν IJ(2S
IJ,KL − δIJKL)F+µνKL + c.c.
]
, (2.42)
where F+µν IJ is the self-dual part of the field strength:
Fµν IJ = ∂µAν IJ − g Aµ IKAν KJ − (µ↔ ν) , (2.43)
and SIJ,KL = SKL,IJ is a tensor defined in terms of the scalar 56-beins:(
uijIJ + v
ijIJ
)
SIJ,KL = uijKL . (2.44)
The calculation of all components of this tensor is quite involved. However, all that is needed
here are the components that couple to the U(1)× U(1) field strengths, and those depend only
on the neutral scalar field, z. Hence one can solve (2.44) for SIJ,KL with ζ1 and ζ2 set to zero,
which considerably simplifies the algebra.
The final result for the truncated Lagrangian reads:
e−1 Lgauge = −1
4
1∑
α,β=0
(
ταβ F
+α
µν F
+βµν + ταβ F
−α
µν F
−βµν)
= −1
4
1∑
α,β=0
(
Re(ταβ)F
α
µνF
β µν + i Im(ταβ)F
α
µνF˜
β µν
)
,
(2.45)
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where
F αµν = ∂µA
α
ν − ∂νAαµ , (2.46)
and6
F±αµν =
1
2
(
F αµν ± F˜ αµν
)
, F˜ αµν =
i
2
ηµν
ρσF αρσ , α = 0, 1 . (2.47)
The symmetric tensor, ταβ, is given by:
τ00 =
(1 + 2z¯ + 3zz¯ + 3z2 + 2z3 + z3z¯)
(1 + z)2 (1− 2z + 2z¯ − zz¯) , (2.48)
τ11 =
(1− 2z¯ + 3zz¯ + 3z2 − 2z3 + z3z¯)
(1 + z)2 (1− 2z + 2z¯ − zz¯) , (2.49)
τ01 = τ10 = − 2
√
3 z(1 + zz¯)
(1 + z)2 (1− 2z + 2z¯ − zz¯) . (2.50)
This completes the description of the truncation of the bosonic action of the gauged N =8
supergravity theory down to that of the N =2 theory of interest. In Appendix B we will recast
this action in a canonical form in terms of special Ka¨hler and quaternionic Ka¨hler geometry.
3 The SU(4)− invariant sector
We now further restrict our attention to the SU(4)− invariant sector and demonstrate that the
bosonic Lagrangian in this sector is precisely equivalent to the one used in [7, 8, 9] to study certain
non-supersymmetric RG-flows and symmetry breaking domain walls. Within this sector there
are three non-trivial critical points, one of which was argued in [9] to be the ground state for a
holographic superconductor. Since we have obtained the theory from N = 8 gauged supergravity
we are then able to analyze the stability of this point outside of the SU(4)− sector.
3.1 SU(4)− truncation
The SU(4)− is defined to be the subgroup of SO(8) that preserves the form, F−23. The complex
structure J− is invariant under SU(4)−×U(1), where the U(1) is the remaining gauge symmetry.
There are thus three SU(4)− invariant scalar fields corresponding to the forms F−j , j = 1, 2, 3,
while the invariant gauge fields are obtained by arranging that (2.38) be proportional to the
matrix J− by setting
A0 = −1
2
B , A1 =
√
3
2
B , (3.51)
6We use ηµνρσ = e−1ǫµνρσ , ǫ0123 = 1 .
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where B is the new gauge field. The scalar fields consist of one pure imaginary field, z ≡ iη, that
is neutral under the U(1) and one charged complex scalar field, ζ2 ≡ ζ .
It is interesting to note that this sector explicitly breaks the N = 2 supersymmetry of the
previous section. The supersymmetries and the gravitinos of the N = 8 theory lie in the 8+, the
spin-1/2 fermions lie in the 56+ of SO(8) and under SU(4)
− ⊂ SO(8) the 8+ branches to 4⊕ 4
and the 56+ branches to 20 ⊕ 20 ⊕ 4 ⊕ 4 ⊕ 4 ⊕ 4. In particular there are no singlets in these
decompositions and so as a result, the SU(4)− sector is purely bosonic.
The complete action that follows from the results in Section 2 is:
e−1L = 1
2
R− 1
4
τ(η)FµνF
µν − i
4
θ(η)FµνF˜
µν − 3 ∂µη ∂
µη
(1− η2)2 −
∇µζ∇µζ
(1− |ζ |2)2 − PSU(4) , (3.52)
where
τ(η) =
(1− η2)3
1 + 15η2 + 15η4 + η6
, θ(η) =
2η(3 + 10η2 + 3η4)
1 + 15η2 + 15η4 + η6
, (3.53)
and
∇µζ = ∂µζ − 2igBµζ . (3.54)
The scalar potential in this sector is
PSU(4) = −2g2
(1 + η2)
[
3(1− η2)2 − 4(1 + η2)2|ζ |2 ]
(1− η2)3(1− |ζ |2)2 . (3.55)
It has three critical points at: (i) ζ = η = 0 with P∗ = −6g2, (ii) η =
√
5 − 2 , ζ = eiα/√5
with P∗ = −25
√
5/8 g2, and (iii) η = 0, ζ = eiα/
√
2 with P∗ = −8g2. The first one is the
maximally supersymmetric SO(8)-invariant point of the N = 8 theory. The second one is the
SO(7)− invariant point that is non-supersymmetric and is known to be unstable [22]. The last
one is the SU(4)− invariant point and this also breaks all supersymmetries. We will show below
that this non-supersymmetric point becomes unstable under scalar fluctuations in the full N = 8
theory.
3.1.1 Comparison with [9]
It is worth pointing out that the bosonic Lagrangian, (3.52), in the SU(4)− sector of four-
dimensional N = 8 gauged supergravity is exactly the same as the Lagrangian obtained in
[23, 9] from a consistent truncation of eleven-dimensional supergravity including massive modes.
The precise translation between the fields in (3.52) and the ones of Eq. (4.3) in [9] is given
by:
AGSW =
g
2
B , hGSW =
2η
1 + η2
, χGSW =
2√
3
ζ . (3.56)
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The subscript GSW denotes the fields of [9], where AGSW is the gauge field, hGSW is the neutral
scalar and χGSW is the charged scalar. It is easy to check that with these field redefinitions the
Lagrangian in Eq. (4.3) of [9] matches with (3.52) provided one sets
ǫGSW = −1 , 1
16πGGSW
=
1
2
, g2 = 2 , (3.57)
where ǫGSW is the skew-whiffing parameter and GGSW is the Newton’s constant in [9], and g is
the coupling constant of gauged supergravity in (2.9).
3.2 The instability of the SU(4)− critical point
The SU(4)− critical point, and the uncharged flow to it, only involves the scalar field, ζ , and the
neutral scalar, η, can be consistently set to zero. The residual U(1) symmetry means that the
potential (3.55) only depends upon |ζ | and we choose a gauge such that ζ is real. For η = 0, the
potential collapses to
P̂ = −2g2 (3− 4|ζ |2)(1− |ζ |2)−2 . (3.58)
The 70 scalar fluctuations, φi, at any point ζ comprise of 35 pseudoscalars and 35 scalars
of N = 8 supergravity, in 35− and 35+ of SO(8), respectively. The former correspond to “flux
modes” in eleven dimensions, and they break down into the SU(4)− representations:7 20′ ⊕ 6⊕
6 ⊕ 1 ⊕ 1 ⊕ 1. The latter correspond to “metric modes” in eleven dimensions, and they break
down into the SU(4)− representations: 15 ⊕ 10 ⊕ 10. We have applied the technique outlined
in Section 2.1.2 to expand the scalar Lagrangian to quadratic order and to obtain the spectrum
of scalar fluctuations, φi, and we find
P = P̂ + δ|ζ | d
d|ζ |P̂
+ (1)µ1 φ
2
1 +
(2)µ1 φ
2
2 +
(3)µ1 φ
2
3 + µ6⊕6
15∑
i=4
φ2i + µ20′
35∑
i=16
φ2i
+ µ
10⊕10
55∑
i=36
φ2i + µ15
70∑
i=56
φ2i ,
(3.59)
where P̂ is the background potential (3.58). The coefficients of the quadratic terms in the
7See Appendix C for more details on branching rules for various SO(8) representations.
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expansion are:
(1)µ1 = −2g2 (1− 3|ζ |2 − 2|ζ |4)(1− |ζ |2)−2 ,
(2)µ1 = −2g2 (1− 4|ζ |2)(1− |ζ |2)−2 ,
(3)µ1 = −2g2 (1 + |ζ |2)(1− 2|ζ |2)(1− |ζ |2)−2 ,
µ
6⊕6 = −2g2 (1− 2|ζ |2)(1− |ζ |2)−2 ,
µ20′ = −2g2(1− |ζ |2)−1 ,
µ
10⊕10 = −g2 (2− 3|ζ |2 − |ζ |4)(1− |ζ |2)−2 ,
µ15 = −2g2 (1− 2|ζ |2)(1− |ζ |2)−2 .
(3.60)
The scalar fluctuations, φi, have been normalized to have kinetic terms (2.20) and the linear
mixing in (3.59) is due to the fact that φ1 =
√
2 (1 − |ζ |2)−1δ|ζ |. Note that this shows that
setting all the scalars except real ζ to zero is indeed a consistent truncation within the SU(4)−
sector. We will be mostly interested in the expressions (3.60) evaluated at the two fixed points
but we would like to point out that they are valid along an uncharged supergravity domain wall
connecting the two points.
At a critical point of the potential, P = P∗, the dimensionless mass for a scalar field in AdS4
of radius L is
m2
r
≡ M2
r
L2 = −6 µrP∗ , (3.61)
where r is one of the representations above. The stability condition (1.2) at a critical point then
becomes
m2
r
≥ −9
4
. (3.62)
At at the SO(8) point, ζ = 0, one has P∗ = −6g2, L2 = 1/(2g2) and m2r = −2, for all the
masses. As one expects from supersymmetry, this point is stable.
At the SU(4)− point, ζ = 1/
√
2, one has P∗ = −8g2, L2 = 3/(8g2) and
(1)m2
1
= (2)m2
1
= 6 , (3)m2
1
= m2
6⊕6 = m
2
15
= 0 , m2
10⊕10 = −
3
4
, m2
20′
= −3 . (3.63)
Thus scalar fluctuations in the 20′ of SU(4)− with mass, m20′, are unstable inN = 8 supergravity.
3.3 Some comments on the unstable modes
The first thing we wish to note is that under the SU(3) subgroup, the 20′ of SU(4)− decomposes
as 8⊕6⊕ 6¯ and, most significantly, it does not contain any SU(3) singlets. This means that the
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instability is completely invisible from the perspective of theN = 2 supergravity theory that could
be used to derive the existence of the fixed point in the first place. The instability thus comes
from other supergravity modes that arise through the embedding into N = 8 supergravity. This
observation is interesting in that it demonstrates an important issue in using low-dimensional
effective or truncated field theories to study non-supersymmetric vacua. There may be hidden
pathologies in the truncated theory and these pathologies only become evident once one properly
embeds the theory into a proven holographic framework.
It is tempting to consider the possibility that these unstable modes may drive one away from
the SU(4)− point to a supersymmetric critical point elsewhere and thus restore stability. This
would have been a highly desirable circumstance since it certainly could restore some control over
the holographic superconductors which have been studied in this sector. However, the known
supersymmetric critical points involve non-trivial values for scalars in both the 35+ and the 35−
and the reasons for this are clear from the perspective of the dual UV field theory: the 35−
corresponds to the fermion mass matrix while the 35+ corresponds to the boson mass matrix
and to preserve supersymmetry there must be some equality between the fermion and boson
masses.
From the scalar spectrum at the SO(7)− and SU(4)− points presented in Appendix A, we
see that the instabilities at each point correspond to the modes that were dual in the UV to
fermion masses. Specifically, at the SO(7)− point, there is a 27 ⊂ 35− worth of unstable modes,
which corresponds to a 7×7 fermion mass matrix, while at the SU(4)− point the unstable modes
transform in the 20′ ⊂ 35− which is dual to a 6×6 fermion mass matrix. This indicates that the
unstable modes will not drive the system to a supersymmetry restoring vacuum. It is interesting
to note from Table A.1 that the SU(4)− critical point has the lowest cosmological constant in the
SU(3)-invariant sector, so there cannot be a flow from it to any known supersymmetric vacuum.8
However, to properly resolve this issue, one must really perform an analysis of the actual
holographic RG flow or symmetry breaking domain wall, not just the critical point as we have
done here. In our earlier work [19] we found a certain universality in the space of holographic
RG flows within the SU(3)-invariant sector, namely that there is a one-parameter family of mass
deformations that generically preserve only SU(3) symmetry and N = 1 supersymmetry. Apart
from one special flow in this family, which preserves a G2 subgroup of SO(8), the flows terminate
at the SU(3) × U(1)-invariant N = 2 supersymmetric fixed point. It is conceivable that there
might be a similar universality in the space of non-supersymmetric RG flows. Specifically, it
would be interesting to determine the IR fate of the general class of RG flows driven by the
8Note that in the list of new critical points found in [15] there is a critical point with a smaller cosmological
constant which may be supersymmetric. It would be quite interesting to study this point and the possible flows
to it further.
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following mass deformation9 in the SU(3)-invariant sector of the dual field theory,
δLCFT = m1λ27 +m2λ28 +m23Φ27 +m24Φ28 , (3.64)
where λ7 and λ8 are two fermions and Φ7 and Φ8 are two bosons and ma are the four mass
parameters. Several related issues regarding supersymmetric flows with non-trivial profiles for
the gauge field have been addressed recently in the type IIB context in [27].
4 The instability in eleven dimensions
4.1 A brief outline
Having established the instability of the SU(4)− critical point at the level of four-dimensional
N = 8 gauged supergravity, we now show that the corresponding solution in M-theory is also
unstable. We do this by linearizing the equations of motion of eleven-dimensional supergravity:10
RMN + gMNR =
1
3
FMPQRFN
PQR , (4.65)
∇MFMNPQ = − 1
576
1√−g ǫ
NPQR1...R8FR1...R4FR5...R8 , (4.66)
around the PW solution [16, 17], which is the uplift of the SU(4)− critical point of the four-
dimensional theory. The PW background is a product space, AdS4 × M7, where the internal
manifold, M7, is the sphere, S
7, with a deformed SU(4)-invariant metric. The unstable modes
can be constructed using the harmonic expansion of the metric and of the flux around the
background configuration, (
◦
gMN ,
◦
FMNPQ):
gMN =
◦
gMN +
∑
Λ
φ(Λ)H
(Λ)
MN , (4.67)
FMNPQ =
◦
FMNPQ +
∑
Λ
φ(Λ) Φ
(Λ)
MNPQ + . . . , (4.68)
where φ(Λ)(x) are the scalar fields on AdS4 and the omitted terms in (4.68) contain derivatives of
those fields. The metric harmonics, H
(Λ)
MN , and the flux harmonics, Φ
(Λ)
MNPQ, have components only
along the internal manifold and transform in irreducible representations of the SU(4) symmetry
group of the background.
9We are suppressing the complications of monopole operators when adding a mass deformation to the ABJM
theory [24] by taking the liberty of working in the BLG theory [25, 26].
10We use conventions with the mostly plus metric and ǫ01...10 = +1. The reader may note that the sign of the
ǫ-symbol is opposite to that in [28, 9]. Our four-form flux, F(4), is normalized such that F(4) = − 12G(4), where
G(4) is the flux in [28, 9]. Then the second equation (4.66) written in terms of forms is d ∗ F(4) + F(4) ∧ F(4) = 0.
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We show explicitly that there is a consistent choice of harmonics in the expansions (4.67)
and (4.68) in a 20′ representation of SU(4) such that the linearized equations (4.65) and (4.66),
together with the Bianchi identity, dF(4) = 0, reduce to(
✷AdS4 +
3
L2
)
φ(λ)(x) = 0 , λ = 1, . . . , 20 . (4.69)
This proves the instability of the background in eleven dimensions, cf. (3.63).
Furthermore, using the exact uplift formula for the metric, which relates scalar fields ofN = 8
gauged supergravity and the metric in eleven-dimensional supergravity at the full non-linear level
[29], we show that the unstable modes above are precisely the unstable modes in four dimensions
derived in Section 3.2.
While many technical details of our analysis rely on the high degree of symmetry and the
resulting simplification of the harmonic expansions, it is clear that the method is quite robust
and similar results might hold for more general backgrounds in which S7 in the PW solution
is replaced with a Sasaki-Einstein manifold, SE7. We discuss this possibility at the end of the
section.
4.2 The Pope-Warner solution
The original PW solution [16, 17] of eleven-dimensional supergravity that we analyze here is
constructed in terms of geometric data associated with the Hopf fibration of S7 over CP3, which
determines both the metric on the internal manifold and the background flux. The eleven-
dimensional metric and the flux are given by:
ds211 = ds
2
AdS4
+
8
3
L2
[
ds2
CP3
+ 2(dψ + A)2
]
, (4.70)
and11
F(4) =
√
3
2L
volAdS4 +
√
32
27
L3d
(
e4iψK + c.c.
)
, (4.71)
where ds2AdS4 is the metric on AdS4 of radius L, ds
2
CP3
is the Fubini-Study metric, A is the
potential for the corresponding Ka¨hler form, ψ is the angle along the Hopf fiber, and K is a
holomorphic (3, 0) form on CP3. The internal metric is normalized such that ds2
CP3
+(dψ+A)2 is
the SO(8)-invariant metric on S7 with unit radius. The rescaling of the internal metric in (4.70)
along the Hopf fiber breaks the isometry to SU(4)×U(1), with only SU(4) preserved by the flux
(4.71).
11The first term in the flux has a sign which in our conventions corresponds to a “skew-whiffed” Freund-Rubin
solution. This sign is uniquely determined for the PW solutions [16, 17].
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In terms of standard complex coordinates on CP3 the Fubini-Study metric is
ds2
CP3
=
dzidz¯i
(1 +
∑
k |zk|2)
− (zidz¯i)(z¯jdzj)
(1 +
∑
k |zk|2)2
, (4.72)
while the Ka¨hler potential, A, and the holomorphic 3-form, K, are given by
A =
i
2
zjdz¯j − z¯jdzj
(1 +
∑
k |zk|2)
, (4.73)
and
K = −dz1 ∧ dz2 ∧ dz3
(1 +
∑
k |zk|2)2
. (4.74)
Using the identity dK = 4 i A∧K it is straightforward to verify that the internal part of the flux
(4.71) is given by
F int(4) =
16
3
√
2
3
i L3(ϑ ∧ Ω− ϑ ∧ Ω) , (4.75)
where ϑ = dψ+A is the 1-form along the Hopf fiber, which is also dual to the Killing vector ∂ψ,
and Ω = e4iψK.
The forms ϑ and Ω, have a simple realization in terms of C4, with complex coordinates, ξa,
a = 1, . . . , 4, in which S7 is embedded at unit radius by setting
ξj =
zje
iψ
(1 +
∑
k |zk|2)1/2
, ξ4 =
eiψ
(1 +
∑
k |zk|2)1/2
, j = 1, 2, 3 . (4.76)
Then ϑ is the pullback onto S7 of the form12
ϑ = −1
2
(ξadξ
a + ξa¯dξ
a¯) , (4.77)
and
Ω =
1
6
ǫabcd ξ
a dξb ∧ dξc ∧ dξd , (4.78)
is the potential for the canonical holomorphic (4, 0) form dξ1 ∧ dξ2 ∧ dξ3 ∧ dξ4 in C4. This form
is invariant under SU(4) and defines it as a subgroup of SO(8). Finally the Ka¨hler form
J = Jab¯ dξ
a ∧ dξ b¯ , (4.79)
descends to the Ka¨hler form on CP3.
12We denote complex conjugate coordinates, ξa, by ξa¯. The indices in C4 are raised and lowered using the
complex structure, Jab = i δab¯, such that ξa = Jab¯ ξ
b¯, etc.
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4.3 The linearized solution for the unstable modes
Since the internal manifold of the PW solution is a deformed sphere, a linearized perturbation
around this background can be analyzed systematically using harmonic expansion on S7,13 in
which the SO(8) harmonics are decomposed into irreducible SU(4) components.
From the analysis in Section 3.2 we know that the unstable modes transform in 20′ of SU(4),
which arises in the branching of 35− of SO(8). It is a standard result for the Kaluza-Klein
spectrum around the Freund-Rubin solution (see [30] and references therein), which corresponds
to the SO(8) critical point of N = 8 gauged supergravity, that at the linearized level the 35
pseudoscalar fields uplift to pure flux modes with the harmonic expansion of the form,
PABCD(x) dKAB ∧ dKCD , (4.80)
where PABCD(x) are components of a real self-dual tensor in R
8 and KAB are one forms dual to
the SO(8) Killing vectors on S7.
The identification of the scalar fields with the flux and metric modes at the SU(4)− critical
point is obscured by the background flux, but we still expect that the 20′ component in the
decomposition of the (4.80) harmonic under SU(4) provides the leading term in the expansion of
the unstable modes in the flux. Those components are spanned by the real harmonics,
Φ
(λ)
(2,2) =
1
4
Φ(λ)abc¯d¯ dξ
a ∧ dξb ∧ dξ c¯ ∧ dξ d¯ , λ = 1, . . . , 20 , (4.81)
where Φ(λ)abc¯d¯ are components of a constant complex tensor, Φ
(λ)
abc¯d¯ = (Φ
(λ)
cda¯b¯)
∗, that is anti-
symmetric in [ab] and [cd] and J-traceless. Hence Φ
(λ)
(2,2) is a primitive (2, 2) form of degree four
in C4.
It is clear that in the presence of the internal background flux (4.75), flux fluctuations (4.68)
with harmonics of the form (4.81) will give rise to a non-vanishing linearized energy-momentum
tensor in the Einstein equation (4.65), and hence source non-vanishing metric fluctuations. This
is a new feature in comparison with the SO(8) point, but not entirely unexpected. Indeed,
similar metric fluctuations arise in the analysis in [33, 34] of the unstable modes around the
Englert background [35], that also has a non-vanishing internal flux.
Since the coupling between the flux and the metric modes arises from the internal flux, which
for the PW solution is essentially the (anti-)holomorphic volume form in C4, the obvious metric
harmonics to consider are given in terms of the flux harmonics (4.81)
H(λ)abcd =
1
2
ǫcd
e¯g¯ Φ(λ)abe¯g¯ , (4.82)
and their complex conjugate. One can verify that those constant tensors satisfy
H
(λ)
abcd = H
(λ)
[ab][cd] = H
(λ)
[cd][ab] , H
(λ)
[abcd] = 0 , (4.83)
13An extensive discussion of harmonic expansions in the context of supergravity can be found in [30, 31, 32].
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and, modulo the reality condition, are completely determined by these properties.
Our Ansatz for the fluctuations of the metric is given in terms of the harmonics (4.82)
δgzizjdzidzj =
1
4
20∑
λ=1
φ(λ)(x)H(λ)abcd ξ
aξcdξbdξd , (4.84)
and similarly for the complex conjugate components. A direct calculation of the deformed metric
using exact uplift formulae shows that this Ansatz is in fact complete. We will return to this
more technical discussion in Section 4.4.3 below. Here let us note that the deformation is only
for the (2, 0) and (0, 2) components of the metric along CP3 and that neither the warp factor nor
the Hopf-fibered structure of the background metric are deformed by the fluctuations.
By comparing (4.67) with (4.84) one can read off the harmonics, H
(λ)
MN , in the expansion
(4.67). Using it to compute the linearized left hand side of the Einstein equations (4.65) yields
a diagonal expansion
δEMN = −1
2
20∑
λ=1
(
✷AdS − 9
L2
)
φ(λ)(x)H
(λ)
MN , (4.85)
where EMN stands for the combination of the Ricci tensor and the Ricci scalar in (4.65).
The full Ansatz for the fluctuations of the four-form flux turns out to be more complicated in
that in addition to the original (2, 2) forms in (4.81) one must introduce (2, 2), (3, 1) and (1, 3)
forms of degree six that are sourced by metric fluctuations in the Maxwell equations (4.66).
The holomorphic structure of the metric fluctuations (4.84) implies that there is no correction
due to the metric modes to the right hand side of the Maxwell equations. However, there are
terms on the left hand side that involve the fluctuations of the metric contracted with the
background flux
δ
◦
FMNPQ = δgMM
′ ◦
gNN
′ ◦
gPP
′ ◦
gQQ
′ ◦
FM ′N ′P ′Q′ + . . . . (4.86)
Cancellation of those terms in some Maxwell equations requires additional (2, 2) factors in the
flux, which in turn yield non-vanishing contributions to the right hand side of other equations. By
a systematic analysis of all Maxwell equations we have determined that all additional harmonics
in the flux fluctuations can be read off from those that are present in the harmonic expansion of
the three-form ∇Mδ ◦FMNPQ, or, equivalently, its exterior derivative, and arise from the following
four-forms in C4:
Φ
(λ)
(3,1) =
1
2
Φ(λ)abc¯d¯ Jeg¯ ξ
aξe dξb ∧ dξ c¯ ∧ dξ d¯ ∧ dξ g¯ , (4.87)
Φ
(λ)
(1,3) = −
1
2
Φ(λ)abc¯d¯ Jeg¯ ξ
c¯ξ g¯ dξa ∧ dξb ∧ dξe ∧ dξ d¯ , (4.88)
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and
Φ˜
(λ)
(2,2) = Φ
(λ)
abc¯d¯ Jeg¯ ξ
aξ c¯ dξb ∧ dξe ∧ dξ d¯ ∧ dξ g¯
− 1
2
Φ(λ)abc¯d¯ Jeg¯
[
ξeξ c¯ dξa ∧ dξb ∧ dξ d¯ ∧ dξ g¯ + ξaξ g¯ dξb ∧ dξe ∧ dξ c¯ ∧ dξ d¯
]
.
(4.89)
Hence we have two four-forms: the original (2, 2) form, Φ
(λ)
(2,2), defined in (4.81) and
Φ
(λ)
(4) ≡ Φ(λ)(3,1) + Φ˜(λ)(2,2) + Φ(λ)(1,3) . (4.90)
One verifies that both are closed
dΦ
(λ)
(2,2) ≡ dΦ(λ)(4) = 0 . (4.91)
Let C
(λ)
(2,1) + C
(λ)
(1,2), where
C
(λ)
(1,2) =
1
8
Φ(λ)abc¯d¯ ξ
a ∧ dξb ∧ dξ c¯ ∧ dξ d¯ , (4.92)
and C
(λ)
(2,1) is the complex conjugate, be the potential for Φ
(λ)
(2,2),
d
(
C
(λ)
(1,2) + C
(λ)
(2,1)
)
= Φ
(λ)
(2,2) , (4.93)
and let similarly C
(λ)
(3) be the potential for Φ
(λ)
(4) .
14 We now consider the following fluctuations of
the four-form flux around the PW background:
δF(4) =
20∑
λ=1
d
[
φ(λ)(x)
(
κ(2,2)
(
C
(λ)
(1,2) + C
(λ)
(2,1)
)
+ κ(4)C
(λ)
(3)
)]
. (4.94)
By expanding the equations of motion to the linear order in the metric fluctuations (4.84)
and the flux fluctuations (4.94) above we have verified explicitly that for
κ(2,2) =
L√
6
, κ(4) = − i
2
√
6
L , (4.95)
the linearized equations reduce to (4.69).
4.4 Unstable metric modes from a consistent truncation Ansatz
4.4.1 From four to eleven dimensions
It is widely believed but difficult to prove, that N = 8 gauged supergravity in four dimensions
is a Kaluza-Klein reduction of the N = 1 supergravity in eleven dimensions on S7, such that
14One can check that the potential C
(λ)
(3) is proportional to the three-form ∇Mδ
◦
FMNPQ.
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the full non-linear lower dimensional theory can be viewed as a consistent truncation of the
higher dimensional one. In particular, it entails that any solution to the field equations in four
dimensions can be uplifted to a solution in eleven dimensions.
This relation has been made explicit in various subsectors of the theory,15 in particular, the
eleven-dimensional general metric corresponding to a solution to gauged N = 8 supergravity
can be obtained by using an uplift formula. One writes the full metric on the warped product
manifold, M1,10 =M1,3 ×M7, as
1
κ2
ds211 = ∆
−1ds21,3 + a
2 ds27 , (4.96)
where M7 is a deformed sphere, S
7, of unit radius with the metric, ds27 = gmndρ
mdρn, and a is
the radius of the internal manifold. It will turn out convenient below to have the overall scale,
κ, of the metric in eleven dimensions as an explicit parameter.
The inverse of the internal metric and the warp factor, ∆, in (4.96) are given by the consistent
truncation Ansatz [29],
∆−1gmn = KABm (ΓAB)IJ
(
uij
IJ + vijIJ
) (
uijKL + v
ijKL
)
(ΓCD)
KLKCD
n , (4.97)
in terms of the scalar vielbein ofN =8 supergravity and the Killing vectors, KAB = xA∂B−xB∂A,
on S7, where xA are the Cartesian coordinates on R8. The warp factor is defined by
∆−1 =
√
det(gmpg◦pn) , (4.98)
where the metric g◦mn is that of the round sphere. The calculation of the actual deformed metric
on S7 using (4.97) can be algebraically quite involved (see, for example, [37, 38]), and in the
following we will skip much of those technical details.
It is important to note that the Ansatz (4.97) includes the triality rotation on the scalar
fields of N = 8 supergravity from the SU(8) to the SL(8,R) basis [39] that is implemented by
the SO(8) gamma matrices,16 ΓAB. This rotation must be taken into account when identifying
the scalar fields in Section 2.1 with the metric and flux deformations on S7.
The identification is clear in the neighborhood of the SO(8)-invariant fixed point correspond-
ing to the AdS4 × S7 Freund-Rubin solution in eleven dimensions. Under the triality transfor-
mation, the 35+ scalar fields are mapped onto traceless symmetric tensors of SO(8) and hence
become “metric deformations.” Similarly, the 35− pseudo-scalars map onto real self-dual tensors
and are identified as “flux deformations.”
15See, for example, [29, 36] for earlier work and [23, 9] for some recent results that are pertinent to the discussion
here.
16We use the same convention as in [38].
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Finally, to make a connection with the discussion in Sections 4.3, we note that the complex
structure on the R8 above that is preserved by SU(4)− is
JAB =
1
4
(ΓAB)
IJJ−IJ , (4.99)
where J−IJ is the complex structure in (2.21). This gives an explicit identification of R
8, with the
complex structure J in (4.99), with the C4 of the harmonics in Section 4.3.
4.4.2 The SU(4)− sector in eleven dimensions
As an illustration of the explicit uplift formula (4.97) for the metric we consider the SU(4)−
invariant background in Section 3.1, with the gauge field B set to zero. We find that the M-
theory metric has the warp factor
∆ =
1− η2
1 + η2
(1− |ζ |2)2/3 , (4.100)
while the internal metric, written in R8, is given by
ds27 = (1− |ζ |2)1/3
[
dxAdxA − (xAJAB dxB)2
]
+
(1− η2)2
(1− |ζ |2)2/3(1 + η2)2 (x
AJAB dx
B)2 . (4.101)
It is straightforward to verify using (4.76) that the term in the square bracket is the metric on
CP
3, while xAJABdx
B = dψ + A. Note that as required by the SU(4) invariance, the metric
preserves the Hopf fibration, but scales the CP3 base relative to the Hopf fiber. This class of
metrics has been introduced in [17] and the metric in Section 4.2 is a particular example. The
metric derived here is in agreement with the beautiful result for the uplift of the entire sector,
including the vector field, obtained recently in [23, 9].
Since there is no comparably practical formula for the flux in the uplift of N = 8 supergravity
to M-theory,17 we conclude this section by quoting the result for the flux in [23, 9] in the subsector
discussed in Section 3.2, that is with B = 0, η = 0, and with ζ real. We find
1
κ3
F(4) =
1
2a
(6− 8 ζ2)
(1− ζ2)2 volM1,3 +
a3
4
d(ζ Ω+ c.c.) , (4.102)
where Ω is defined in (4.78).
Note that by setting
ζ =
1√
2
, a =
4√
3
L , κ =
1
21/3
, (4.103)
we obtain the PW solution in (4.70) and (4.71) as an uplift of the critical point in the SU(4)−
invariant sector in Section 3.1 with a2 = 2/g2.
17Implicit formulae for the flux have been derived in [36], but those are rather difficult to use.
24
4.4.3 The unstable metric modes
An agreement between the result for the metric (4.101) obtained using the uplift fromula (4.97)
and the metric in the uplift of the entire SU(4)− invariant sector in [23, 9] provides yet another
confirmation of the consistent truncation Ansatz in [29]. Since the unstable modes arise from
the scalar fields of N = 8 supergravity, we will now use (4.97) to determine the exact metric
fluctuations corresponding to those modes.
From the perspective of the metric Ansatz (4.97), the non-vanishing metric deformations due
to the flux modes (4.84) are not that surprising. At the SO(8) point, the scalar vielbeins uij
IJ ,
uijKL, vijIJ and v
ijKL in (4.97) correspond to the group element V˜ defined in (2.19) with the Gi’s
given by the subset of generators ΣIJKL along the 35− flux components. Those generators in
(4.97) are projected directly onto the triality rotated Killing vectors, KIJ = KAB(ΓAB)
IJ . This
results in terms of the form KIJΣIJKLKKL that yield a vanishing correction to the metric at
the linear order. On the other hand, away from the origin of the coset, the scalar vielbeins are
determined by the group element V = V˜V0 in (2.17) and the projection of the flux components
onto the Killing vectors in (4.97) is “rotated” by the vielbeins corresponding to V0. One could
argue using the explicit form of V0 at the SU(4)− critical point that the correction to the metric
must be of the form (4.84).
This expectation is confirmed by an explicit calculation of the metric fluctuations corre-
sponding to the unstable scalar modes, V˜, in the 20′ of SU(4)−, for an arbitrary value of ζ that
parametrizes the scalar manifold of the truncated sector in Sections 3.2 and 4.4.2. Specifically,
we use (4.97) to evaluate the metric corresponding to the point V˜V(ζ) and then expand it to the
first order in scalar fluctuations. To obtain the actual fluctuations of the metric we also calculate
the warp factor and then invert the metric, with the last step being straightforward given the
exact unperturbed metric in (4.101).
We find that for the scalar modes in 20′, the warp factor is not corrected at the linear order
and that the Hopf fibration structure in the metric (4.101) is preserved. The only deformation
of the metric at the linear order is for the metric components along CP3 and is of the form
δgzizj = ζ(1− ζ2)1/3
e4iψ
(1−∑k |zk|2)2 δhzizj , (4.104)
and similarly for the antiholomorphic components, δgz¯iz¯j . In the coordinates that we are using,
δhzizj are holomorphic, and in fact are given by second order polynomials in the zi’s. Hence it is
quite straightforward to recast (4.104) in terms of harmonics and recover the same result as in
(4.84) that was obtained by solving the equations of motion.
The dependence on ζ in (4.104) shows that for ζ = 0, that is at the SO(8) critical point, there
is no linear correction to the metric. This is consistent with the interpretation of these modes as
“flux” modes that mix with the metric only away from the SO(8) point.
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4.5 Comments and generalizations
An obvious question is whether the M-theory solution based on the PW deformation of S7 can
be stabilized by either judiciously projecting out the troublesome modes or, more generally, by
replacing the sphere with another Sasaki-Einstein manifold, SE7, with a Ka¨hler-Einstein base,
KE6, other than CP
3, or by some combination of both.
In the first case, an obvious mechanism to try is an orbifold construction based on a discrete
subroup of SU(4) ⊂ SO(8). It is easy to argue that this cannot work if the orbifold group is
abelian. Indeed, such an abelian subgroup can be conjugated to the maximal torus of SU(4)
and there are always at least two unstable modes in 20′ that are neutral and hence will not
be projected out. To see this explicitly, recall that 20′ can also be realized as symmetric, real,
traceless matrices with the obvious action of SO(6) ≃ SU(4). The maximal torus is then the
block diagonal SO(2)3 ⊂ SO(6) and the neutral modes, that are manifestly SO(2)3 invariant, are
given by the diagonal matrices diag(a, a, b, b, c, c) with c = −(a + b).
A more difficult option is to consider non-abelian orbifolds, but for that one would have to
choose some exotic subgroup of SU(4) as the simplest choice of using the Weyl group does not
work given that 20′ has Weyl singlets. It is also important to keep in mind the interesting
work [40], where it was shown that non-supersymmetric twisted sectors generically destabilize a
solution. Finally, there are arguments in [41] that non-supersymmetric orbifolds of AdSp × Sq
solutions have non-perturbative instabilities, and it would be rather surprising if the same would
not hold for more general solutions with background fluxes.
The starting point of the more general construction of Pope-Warner type solutions [17, 16]
is to take the canonical U(1) fibration over a general Ka¨hler-Einstein six-manifold, KE6. As
noted in [7, 9], if one canonically normalizes the U(1) fiber relative to the KE6 base, the resulting
background is a Sasaki-Einstein seven manifold,18 SE7, and hence the cone over it is a Calabi-Yau
four-fold, CY4. The solution involves taking the holomorphic (4, 0) form on CY4, descending it
to KE6 and using it as the internal flux. In the presence of the flux, the metric on SE7 gets
deformed by streching the U(1) fiber relative to the KE6 base, which remains the same.
The general pattern that emerges from the results in this section suggests that the source of
instabilities might be primitive harmonic (2, 2) forms on the CY4, which, through their coupling
to the background flux, will source metric variations that deform the complex structure on the
KE6. The equations of motion are then being solved with flux sources that involve the background
flux interacting with linearized (2, 2), (3, 1) and (1, 3) forms and it is this interaction that sources
the deformation of the metric and the violation of the underlying hermitian structure. We
therefore suspect that if there are primitive harmonic (2, 2) forms on the CY4, then these could
lead to problematic instabilities.
18For a recent comprehensive review of Sasaki-Einstein manifolds in the context of string theory see [42].
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Our analysis of the instability also leads to two other important conclusions. First, one
cannot look inside N =2 truncated theories alone and, secondly, one cannot restrict to complex
manifolds at the non-trivial fixed point. The instabilities of the SU(4)− point illustrate this
observation very clearly. It remains to be seen whether this instability is a general feature of the
Pope-Warner construction or whether the instability is evitable by a suitable choice of the KE6
base and perhaps some more sophisticated orbifold. Our analysis indicates very clearly where
one might expect to find dangerous terms.
5 Conclusions
Motivated by recent work on holographic superconductors, we have computed the scalar mass
spectrum in N = 8 gauged supergravity of all critical points in the SU(3)-invariant sector. The
SO(8), G2 and SU(3)×U(1)-invariant critical points are all supersymmetric and stable, while the
SO(7)+, SO(7)− and SU(4)− solutions are all non-supersymmetric and unstable due to certain
scalars that violate the BF bound. Particular attention has been paid to the SU(4)− solution
which has recently been proposed as a holographic dual to the ground state of a CFT which
exhibits a superconducting phase at finite temperature. Our results suggest that due to the
instability in the supergravity solution, there is in fact no stable holographic dual CFT.
The PW solution, that uplifts the SU(4)− critical point to M-theory, has an interesting
generalization in which S7 is replaced with a more general SE7 manifold. The Lagrangian (3.52)
remains a consistent truncation of this theory [23], but there is most definitely a rich spectrum
of modes outside the truncation. It is reasonable to conjecture that the unstable modes we have
identified will have analogues in this more general class of backgrounds, but an eleven-dimensional
computation of the spectrum would be necessary for this to be rigorously settled. More precisely,
we conjecture that some primitive, harmonic (2, 2) forms on the Calabi-Yau fourfold, which is a
cone over SE7, might give rise to four-dimensional scalars which violate the BF bound.
While we have focused in this work on one very specific example of a non-supersymmetric
solution to eleven-dimensional supergravity, our results are symptomatic of a much wider prob-
lem in string theory. Without supersymmetry to protect the vacuum state, generically, non-
supersymmetric solutions are unstable. It is not sufficient to demonstrate stability within a
certain truncated sector where one may find a putative vacuum since embedding such a vacuum
into string theory typically produces a rich spectrum of low lying modes. This issue is of some
pertinence with regards to holographic attempts at studying condensed matter systems where
typically one explicitly breaks supersymmetry. This should be contrasted with another aspect of
applied AdS/CFT, namely the use of the gravity dual of N = 4 SYM to study heavy-ion physics
(for a review and references see [43, 44]) where the N = 4 theory clearly has a stable ground
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state and there is a well established holographic dictionary.
We have also provided a detailed description of the SU(3)-invariant sector of N = 8 gauged
supergravity as a four dimensional, N = 2, U(1) × U(1) gauged supergravity with one vector
multiplet and one hypermultiplet, following the formal structures summarized in [45, 46]. It
is interesting that the Lagrangian of the SU(4)-invariant sector, (3.52), can be embedded into
such a supergravity theory in two different ways. In addition to the description provided here,
a different N = 2 theory was constructed in [23] by keeping the SU(4)-invariant modes from
KK towers other than those which give rise to gauged supergravity, in particular they keep the
so-called breathing mode. The difference between the two constructions lies only in the particular
gaugings and this subsequently gives rise to different interactions via the scalar potential (B.41).
Interesting related work on many of these issues for the IIB version of this story has appeared
recently in [47].
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A The other critical points
G z ζ1 ζ2 P∗/g2
SO(8) 0 0 0 −6
SO(7)+ −1− 5
1/4
1 + 51/4
1
2
(
3−
√
5
)
0 −2 · 53/4 ≈ −6.687
SO(7)− −i (2 −√5) 0 1√
5
−25
8
√
5 ≈ −6.988
G2 z(2) 2−
√
3
1√
3 + 2
√
3
−216
25
√
2
5
√
3 ≈ −7.192
SU(3)×U(1) 2−√3 0 1√
3
−9
2
√
3 ≈ −7.794
SU(4)− 0 0
1√
2
−8
z(2) =
1
4
(
1− i
31/4
√
2 +
√
3
)(
3 +
√
3− 31/4
√
10
)
Table A.1: All critical points in the SU(3)-invariant sector.
We have determined the masses of all scalar fluctuations around all of the SU(3)-invariant
critical points using the method described in Section 2.1.2. In the cases with higher symmetry,
or with supersymmetry, our calculation reproduces known results in the literature for the SO(8)
[48, 49] (see also [30] for a review), SO(7)± [22] and SU(3)×U(1) [50, 51, 52] points. The results
for the supersymmetric G2 point and the non-supersymmetric SU(4)
− point are new.
The masses of scalar modes are defined by the canonical form of the scalar field equation in
AdS4, (
✷AdS −M2
)
φ = 0 . (A.1)
For the canonically normalized kinetic term, the value of the mass is related to the eigenvalue of
the second variation of the potential,
M2L2 = −3
(P ′′(φ0)
P(φ0)
)
,
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nM M
2L2 SO(8) irreps SU(3) singlets
35 −2 35+ 3
35 −2 35− 3
Table A.2: The SO(8) point.
nM M
2L2 SO(7)± irreps SU(3) singlets Stability
1 6 1 1 S
7 0 7 1 S
35 −6
5
35∓ 3 S
27 −12
5
27 1 U
Table A.3: The SO(7)± points.
where L is the radius of the AdS4 critical point of interest. In terms of the dimensionless mass
parameter, M2L2, the stability condition (1.2) in AdS4 reads
M2L2 ≥ − 9
4
. (A.2)
With this normalization the conformal dimension, ∆, of the operator in the holographic CFT
dual to a scalar of mass M2 is given by a solution to the equation
M2L2 = ∆(∆− 3) . (A.3)
We list all critical points in the SU(3)-invariant sector by their symmetry group G in Ta-
ble A.1. The table also gives the values of the background fields, z, ζ1 and ζ2 and of the
cosmological constant, P∗ = P(φ0), at each critical point. Note that we have picked a gauge in
which the charged scalars ζ1 and ζ2 are real. The reader should consult the original table in [14]
for more details.
The results of our calculation of the masses are summarized in Tables A.2 -A.6. The first
column in each table gives the number of scalar modes, nM , for a given value of M
2L2 that is
listed in the second column. In the third column we give the corresponding representations of
the symmetry group, G ⊂ SO(8), at the critical point. The fourth column gives the number of
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nM M
2L2 G2 irreps SU(3) singlets
1 (4 +
√
6 ) 1 1
1 (4−√6 ) 1 1
14 0 7⊕ 7 1+1
27 −1
6
(11−√6 ) 27 1
27 −1
6
(11 +
√
6 ) 27 1
Table A.4: The G2 point.
nM M
2L2 SU(4)− irreps SU(3) singlets Stability
2 6 1⊕ 1 2 S
15 1
28 0 6⊕ 6 S
1 1
20 −3
4
10⊕ 10 1+1 S
20 −3 20′ U
Table A.5: The SU(4)− point.
modes that are SU(3) singlets. We have verified that their masses agree with the ones calculated
by expanding the truncated action of the SU(3)-invariant sector in Section 2. When there are
unstable modes present, we indicate whether a mode is stable (S) or unstable (U) in the last
column.
As expected, all supersymmetric points: SO(8), G2 and SU(3) × U(1) are perturbatively
stable, while all non-supersymmetric points: SO(7)± and SU(4)− are unstable. The massless
scalars at all critical points, except SU(4)−, correspond precisely to the Goldstone bosons due to
the spontaneous breaking of SO(8) to the corresponding subgroup at the critical point. At the
SU(4)− invariant critical point there are 13 Goldstone bosons in the 6⊕ 6⊕ 1 of SU(4)− and 15
extra zero modes in the 15 of SU(4)−.
The decomposition of scalar modes with a given mass into irreducible representations of G
for most critical points is unambigous just by matching the degeneracies with dimensions of
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nM M
2L2 SU(3)× U(1) irreps SU(3) singlets
1 3 +
√
17 1(0) 1
3 2 1(+1)⊕ 1(0)⊕ 1(−1) 1 + 1 + 1
3(+2
3
)⊕ 3(−2
3
)
19 0 3(−1
3
)⊕ 3(−1
3
)⊕ 3(+1
3
)⊕ 3(+1
3
)
1(0) 1
1 3−√17 1(0) 1
18 −14
9
6(+1
3
)⊕ 3(−1
3
)⊕ 3(+1
3
)⊕ 6(−1
3
)
16 −2 8(0) + 8(0)
12 −20
9
6(−2
3
)⊕ 6(+2
3
)
Table A.6: The SU(3)×U(1) point.
representations of G that arise in the branching19 of 35+ and 35− of SO(8) under G. However
for SU(4)− this approach has to be supplemented by the branching with respect to SU(3) and
the direct calculation of masses in the SU(3)-invariant sector. This works for all but some modes
at the SU(3)× U(1) point, which we will discuss now in more detail.
The SU(3) × U(1)-invariant solution, and its representation theory, was studied thoroughly
in [50], where the decomposition of all modes into supermultiplets of SU(3) × OSp(2, 4) was
given (see also [51, 52] for a more recent discussion). The scalar masses can be read off from the
superconformal dimensions and R charges of those supermultiplets as follows:
For short multiplets, the masses are given by the familiar formula from holography (A.3) and
∆ is related to the U(1)R-charges by ∆ = 2|R| with the U(1) charge normalizations employed in
Table A.6. This explains the masses for the 18 and 12 scalar modes in massive hypermultiplets. In
a long massive vector multiplet there are five scalars [50] and they have ∆ = ∆0, ∆ = ∆0+1 and
∆ = ∆0+2, with degeneracies 1, 3 and 1 respectively. The exact value of ∆0 is ∆0 =
1
2
(1+
√
17).
This explains the first five singlet entries in the table, which belong to massive vector multiplets.
The sixteen modes which have the M2L2 value of exactly −2 are the “massless” modes in the
N =2, SU(3) vector multiplet and so lie in the 8(0)⊕8(0) and are conformally coupled. Finally,
the 19 Goldstone modes necessarily have no mass terms.
19For convenience, we have summarized the relevant branching rules in Appendix C.
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B The SU(3)-invariant sector in canonical N =2 form
For completeness we now re-write the bosonic action of the N =2 truncation derived in Section 2
in terms of the canonical form of N = 2 supergravity as given in [45].20
The main result of [45] is to show how the complete action ofN = 2 supergravity is determined
in terms of the following geometric quantities on the special Ka¨hler and quaternionic Ka¨hler scalar
manifolds:
I. Special Ka¨hler
MSK = SU(1, 1)
U(1)×U(1) . (B.1)
(i) holomorphic sections: Xα, α = 0, 1,
(ii) holomorphic prepotential, F (X0, X1).
II. Quaternionic Ka¨hler
MQK = SU(2, 1)
SU(2)×U(1) . (B.2)
(i) metric, gab,
(ii) quaterninionic prepotentials, P iα, i = 1, 2, 3, for the Killing vectors Kα.
The initial problem is to identify correctly the truncated fields from [18] with the correspond-
ing fields in [45]. To do this properly, one needs to understand all conventions in [18] and [45], in
particular those for the fermion fields, and then truncate not just the action, but also the super-
symmetry variations. The latter are needed to properly disentagle fields in different multiplets.
We will present the details of these calculations below.
B.1 The special Ka¨hler manifold
Start with the fact that we can identify the complex structure and the Ka¨hler metric on MSK
in (B.1) by comparing the kinetic terms (2.29) with the standard form of the N = 2 action:21
e−1L = −gzz¯∇µz∇µz¯ . (B.3)
20For a comprehensive review of the vast subject of matter coupled N = 2 supergravity, we refer the reader
to [45, 46] and the references therein, and to [53] and [54] for a succinct summary of the main features of these
theories. The SU(3)-invariant truncation of ungauged N = 8 supergravity in four dimensions was discussed in
[55], where it was shown that the truncation could be recast in the canonical form.
21Note that the authors of [45] use the opposite convention for the metric signature and have a different
normalization of the gauge fields.
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This yields
gzz¯ =
3
(1− |z|2)2 , (B.4)
and identifies z as a holomorphic coordinate and the corresponding Ka¨hler potential as:
K(z, z¯) = −3 log(1− |z|2) + f(z) + f¯(z¯) . (B.5)
where f(z) is an, as yet, arbitrary analytic function.
The holomorphic sections, Xα(z), α = 0, 1, can be read off from the supersymmetry trans-
formations of the vector fields given in (4.23) of [45]:
δAαµ = 2L
αψ
A
µ ǫ
BǫAB + f
α
z λ
A
γµǫ
BǫAB + h.c. , (B.6)
where
Lα(z, z¯) = eK(z,z¯)/2Xα(z) , (B.7)
and
fαz (z, z¯) =
(
∂z +
1
2
∂zK
)
Lα . (B.8)
This must be compared with the truncation of
δAIJµ = −(uijIJ + vijIJ)
(
εkγµχ
ijk + 2
√
2 εiψiµ
)
+ h.c. , (B.9)
in (3.3) of [18].
From the embedding of SU(3) →֒ SO(8) →֒ SU(8), we find that the SU(3)-invariant gravitino
components are ψ7µ and ψ
8
µ, and similarly the two parameters of the supersymmetry are ε
7 and
ε8. The truncation of the gravitino contribution in (B.9) yields (up to an overall sign)
δA12µ =
√
2
z(1 + z)
(1− |z|2)3/2 (ε¯
8ψ7µ − ε¯7ψ8µ) ,
δA78µ =
√
2
(1 + z3)
(1− |z|2)3/2 (ε¯
8ψ7µ − ε¯7ψ8µ) .
(B.10)
By setting z = 0, we identify A78µ as the graviphoton and A
12
µ = A
34
µ = A
56
µ as the vector of the
vector multiplet. We see that (B.10) indeed has the correct structure and we identify,
L0(z, z¯) = cL
√
2
(1 + z3)
(1− |z|2)3/2 , L
1(z, z¯) = cL
√
6
z(1 + z)
(1− |z|2)3/2 , (B.11)
from which we find the holomorphic sections
X0(z) = cX
√
2 (1 + z3) , X1(z) = cX
√
6 z(1 + z) , (B.12)
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where cL and cX are are constants introduced to account for any signs and normalizations. Note
that requiring that Xα(z) be holomorphic functions of z fixes the Ka¨hler gauge in (B.5) to
f(z) = log f0 so that
cL = cX |f0| . (B.13)
The truncation of (B.9) also allows identification of the spin-1
2
fields. By group theory, there
are four SU(3)-invariant spin-1
2
fields that can be parametrized by the components χ245, χ246,
χ567 and χ568, respectively [50]. The variation of the vector field reads:
δA12µ = −
(1 + 2z + 2zz¯ + z2z¯)
(1− |z|2)3/2 (ε¯
7χ567 + ε8χ568) + h.c. ,
δA78µ = −3
(z¯ + z2)
(1− |z|2)3/2 (ε¯
7χ567 + ε8χ568) + h.c. .
(B.14)
This identifies χ567 and χ568 as the fields in the vector multiplet. A direct comparison with (B.6)
is a bit trickier as one first needs to rotate to the complex basis for the spinors.
Having identified the graviphoton and the gauge field in the vector multiplet, we can use the
truncation of the Maxwell action to calculate the prepotential. All we need to do is to rewrite
the action (2.45) in the canonical form as in [45],
e−1 LMax. = − i
4
(NαβF+αµν F+βµν −N αβF−αµν F−βµν)
=
1
4
(
ImNαβ F αµνF β µν − iReNαβ F αµνF˜ β µν
)
.
(B.15)
This gives:
N00 = −cN i
4
(1 + 2z¯ + 3zz¯ + 3z2 + 2z3 + z3z¯)
(1 + z)2 (1− 2z + 2z¯ − zz¯) ,
N11 = −cN i
4
(1− 2z¯ + 3zz¯ + 3z2 − 2z3 + z3z¯)
(1 + z)2 (1− 2z + 2z¯ − zz¯) ,
N01 = cN i
2
√
3 z(1 + zz¯)
(1 + z)2 (1− 2z + 2z¯ − zz¯) ,
N10 = N01 ,
(B.16)
where cN is constant allowed by a rescaling of the vector fields.
If a prepotential, F (X0, X1), exists, it must be a homogenous function of degree 2 of the
holomorphic sections. Define
Fα =
∂F
∂Xα
, Fαβ =
∂2F
∂Xα∂Xβ
. (B.17)
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We can try to determine the prepotential by solving a number of consistency condition that must
be satisfied:
(i) The holomorphic sections Xα and Fα are related by
Fα = NαβXβ . (B.18)
From (B.12) and (B.16) we get
F0 = − i
2
√
2
cXcN(1− z3) , F1 = i
2
√
3
2
cXcN z(1 − z) . (B.19)
Note that Fα’s came out holomorphic, just as they should have, which is by no means
obvious looking at the explicit form of Nαβ.
(ii) One can now solve for the prepotential by exploiting its homogeneity and its degree:
F =
1
2
XαFα , F = (X
0)2F (X1/X0) (B.20)
By comparing the right hand side of (B.20) written as functions of z, we obtain
F
(√
3 z(1 + z)
1 + z3
)
= − i
8
(1− z2)3
(1 + z3)2
, (B.21)
whose solution is
F(x) = ± i
24
cN
(√
3 + 3 x
)1/2 (√
3− x
)3/2
. (B.22)
Substituting this back into (B.20) and choosing one of the signs, we get
F (X0, X1) = cN
i
2 · 33/4
(
1
2
X0 +
√
3
2
X1
)1/2(√
3
2
X0 − 1
2
X1
)3/2
. (B.23)
We verify that the first relation in (B.17) is indeed satisfied, which confirms the consistency
of the solution.
The prepotential (B.23) is a rotation by π/6 of the prepotential,
√
X0(X1)3, known to be
associated with the special geometry of the coset SU(1, 1)/U(1), see, for example, [54].
(iii) The relative normalization between the sections, Xα, and the matrix, Nαβ, is determined
by
ImNαβ XαXβ = −1
2
e−K , (B.24)
which gives
cNc
2
X |f0|2 = cNc2L = 1 . (B.25)
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(iv) The normalization (B.24) is related to the following expression for the Ka¨hler potential in
special geometry,
K = − log i (XαFα −XαF α) , (B.26)
which is satisfied indeed.
(v) As a further consistency check, one can verify that the matrix, Nαβ, can be expressed in
terms of the prepotential, F , and the holomorphic sections as follows:
Nαβ = F αβ + 2i(ImFαγ) (ImFβδ)X
γXδ
(ImFγδ)XγXδ
. (B.27)
(vi) Evaluating the vielbeins in fαz in (B.8) we get
f 0z = 3
√
2 cL
z¯ + z2
(1− |z|2)5/2 ,
f 1z =
√
6 cL
1 + 2z + 2zz¯ + z2z¯
(1− |z|2)5/2 .
(B.28)
The ratio of the two vielbeins above is consistent with the ratio of variations in (B.14). The
difference in powers in the denominators arises from different normalization of the spin-1
2
fields in [18] and [45], which is easily seen from the action. The spin-1
2
action in [45],
e−1L = −1
2
igzz¯
(
λ¯zAγµ∇µλz¯A + h.c.
)
, (B.29)
contains explicit scalar metric, which is absent in the truncation of the corresponding term
in [18].
(vii) In the calculation of the potential it is convenient to define a matrix
Uαβ = gzz¯fαz f
β
z¯ , (B.30)
which is also equal to
Uαβ = −1
2
(ImN )−1αβ − LαLβ . (B.31)
It is gratifying to check that (B.30) and (B.31) agree provided (B.25) holds.
B.2 The quaternionic Ka¨hler manifold
The calculation of the quaternionic prepotentials, Pxα, is straightforward if one uses the fact that
the coset SU(2, 1)/SU(2)×U(1) is a symmetric coset space. One then has the decomposition of
the left-invariant form:
g−1dg = ωxhx + ω0h0 + eiti ,
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where hx are the generators of SU(2), h0 is the U(1) generator and ti are the non-compact coset
generators. One can then read off the frames ei and the corresponding spin connection
ωij = ω
xcx
i
j + ω
0c0
i
j , (B.32)
where cx
i
j and c0
i
j are the structure constants,
[hx, ti] = cx
j
itj , [h0, ti] = c0
j
itj . (B.33)
The coset generators, ti, are the same as in (2.27). The invariant metric, ds
2
QK = e
i⊗ei , then has
the same normalization as the one in the kinetic scalar action (2.29). The compact generators
are rescaled such that they satisfy the standard commutators,
[hx, hy] = ǫ
xyzhz . (B.34)
Explicit expressions for the frames and connection forms obtained using coset representatives
in (2.27) are quite complicated when written in terms of the projective coordinates ζ1 and ζ2,
22
but are the natural ones given that the same coset representatives are used in the truncation.
The quaternionic Ka¨hler forms, Ωx, are given by the curvatures of the SU(2) factor of the
spin connection,
dωx +
1
2
ǫxyzωy ∧ ωz = −Ωx . (B.35)
Using the Maurer-Cartan equations for SU(2, 1) we find,
Ωx = 2
(
e1 ∧ e4 + e2 ∧ e3) ,
Ωy = −2 (e1 ∧ e2 + e3 ∧ e4) ,
Ωz = 2
(
e1 ∧ e3 − e2 ∧ e4) .
(B.36)
One verifies that tensors Jxij = Ω
x
ij , where Ω
x = Ωxije
i ∧ ej, satisfy the algebra of quaternions,
JxJy = −δxy + ǫxyzJz . (B.37)
Given a vector field K, its quaternionic moment map is a triple of functions, PxK , satisfying
− iK Ωx = dPxK + ǫxyzωy PzK . (B.38)
For a vector field, K, one can solve this equation algebraically using the integrability condition.
In this way we obtain the moment maps for the two Killing vector fields:
Piζ1∂ζ1+iζ2∂ζ2+c.c. = −
(1 + |ζ12|2)2
(1− |ζ12|2)2

ζ1ζ¯2 + ζ2ζ¯1
i(ζ1ζ¯2 − ζ2ζ¯1)
2
(
ζ212 + ζ¯
2
12
)
(1 + |ζ12|2)−2
 , (B.39)
22See, [56], [57] and [58] for a different choice of coordinates and/or frames in which quantities associated with
the quaternionic geometry are much simpler.
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and
Piζ1∂ζ1−iζ2∂ζ2+c.c. = −
(1 + |ζ12|2)2
(1− |ζ12|2)2

1
2
(ζ1ζ¯2 + ζ2ζ¯1)
(
ζ212 + ζ¯
2
12
)
i
2
(ζ1ζ¯2 − ζ2ζ¯1)
(
ζ212 + ζ¯
2
12
)
(
2 + ζ412 + ζ¯
4
12
)
(1 + |ζ12|2)−2
 , (B.40)
where ζ12 is defined in (2.33). This completes the list of ingredients needed for comparing our
scalar potential with that of a N = 2 theory.
B.3 The scalar potential
The scalar potential in gauged N = 2 supergravity coupled to vector multiplets and hypermul-
tiplets is given in23 (4.17) of [45] in terms of geometric quantities associated with the special
Ka¨hler and quaternionic Ka¨hler scalar manifolds. Specifying it to the field content here we have
V (z, z¯; ζ, ζ¯) = g2
(
4 gijK
i
αK
j
βL
αLβ + gzz¯fαz f
β
z¯ PxαPxβ − 3LαLβPxαPxβ
)
, (B.41)
where Kα are the Killing vectors of the gauged isometries in (2.40), Pα are the corresponding
moment maps and gij is the metric on the quaternionic manifold.
Note that, at least superficially, the structure of (B.41) is quite similar to that of (2.37).
Indeed, the “−3” suggests that the last term should be the analogue of −3|W|2. Then (B.8)
implies that fαz ∼ ∂zLα, while (B.38) implies that Kiα ∼ ∂iPα, so that the first two terms are
in a sense derivatives of the last one, just as in (2.37). However, detailed calculations reveal the
following:
(i) Substituting (B.11), (B.39) and (B.40) in (B.41) and using (2.34) and (2.35), we find
LαLβ Pxα Pxβ = 4 c2L
(|W+|2 + |W−|2) . (B.42)
This sets
cL = cX =
1
2
, cN = 4 , (B.43)
thus fixing all constants (up to a sign) introduced above.
(ii) The naive expectation that the first term (resp. second term) in (B.41) matches with the
sum of the first terms in (2.37) turns out incorrect. Indeed, one can evaluate those terms
setting ζ12 = 0 to get
4 gijK
i
αK
j
βL
αLβ
∣∣∣
ζ12=ζ¯12=0
= 0 , (B.44)
23The equation number is different in the version on the arXiv.
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but
4
3
(1− |z|2)2
[ ∣∣∣∣∂|W+|∂z
∣∣∣∣2 + ∣∣∣∣∂|W−|∂z
∣∣∣∣2
]
ζ12=ζ¯12=0
= 6
|z + z¯2|2
(1− |z|2)3 . (B.45)
However,
gzz¯fαz f
β
z¯ PxαPxβ
∣∣∣
ζ12=ζ¯12=0
= 6
|z + z¯2|2
(1− |z|2)3 . (B.46)
(iii) At that point it is not that surprising to find that in general
4
3
(1− |z|2)2
[ ∣∣∣∣∂|W+|∂z
∣∣∣∣2 + ∣∣∣∣∂|W−|∂z
∣∣∣∣2
]
+ (1− |ζ12|2)2
[ ∣∣∣∣∂|W+|∂ζ12
∣∣∣∣2 + ∣∣∣∣∂|W−|∂ζ¯12
∣∣∣∣2
]
= 4 gijK
i
αK
j
βL
αLβ + gzz¯fαz f
β
z¯ PxαPxβ ,
(B.47)
which proves the equality of the two potentials.
We have thus completely recast the SU(3) truncation directly into the canonical language of
special Ka¨hler and quaternionic Ka¨hler geometry.
C Branching rules
In this appendix we collect some branching rules for representations of SO(8) that are used
throughout the paper and in particular in the calculation of the scalar mass spectrum in Ap-
pendix A. We use the same notation as in [14] and write 8± instead of the more common 8s,c
(see, e.g. [59]) to denote the two spinor representations of SO(8). The vector representation is
denoted as usual by 8v. The reader should also note that our normalization of the U(1) charge
is the same as in [50] and is by a factor of −2 smaller than the one in Table 27 of [59].
All the branching rules that we need can be derived from the elementary tensor product
8t ⊗ 8t = 35t ⊕ 28⊕ 1 , t = + ,− , v . (C.1)
The 70 scalars of gauged supergravity are in the 35− and 35+, in particular the pseudoscalars
are in the 35−.
The embeddings of SO(7)±, SU(4)± and SU(3) × U(1)± ⊂ SU(4)± in SO(8) are defined by
the following branching rules:
8± −→
SO(7)±
7⊕ 1 −→
SU(4)±
[6⊕ 1]⊕ 1 −→
SU(3)×U(1)±
[(
3¯ 1
3
⊕ 3− 1
3
)
⊕ 10
]
⊕ 10 , (C.2)
8∓ −→
SO(7)±
8 −→
SU(4)±
4⊕ 4¯ −→
SU(3)×U(1)±
(
3 1
6
⊕ 1− 1
2
)
⊕
(
3¯− 1
6
⊕ 1 1
2
)
, (C.3)
8v −→
SO(7)±
8 −→
SU(4)±
4¯⊕ 4 −→
SU(3)×U(1)±
(
3¯− 1
6
⊕ 1 1
2
)
⊕
(
3 1
6
⊕ 1− 1
2
)
. (C.4)
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Then the branching rules for the three 35-dimensional representations of SO(8) are:
35± −→
SO(7)±
27⊕ 7⊕ 1 −→
SU(4)±
[20′ ⊕ 6⊕ 1]⊕ [6⊕ 1]⊕ 1
−→
SU(3)×U(1)±
[(
80 ⊕ 6¯ 2
3
⊕ 6− 2
3
)
⊕
(
3¯ 1
3
⊕ 3− 1
3
)
⊕ 10
]
⊕
[(
3¯ 1
3
⊕ 3− 1
3
)
⊕ 10
]
⊕ 10 , (C.5)
35∓ −→
SO(7)±
35 −→
SU(4)±
15⊕ 10⊕ 10
−→
SU(3)×U(1)±
(
80 ⊕ 3¯− 2
3
⊕ 3 2
3
⊕ 10
)
⊕
(
6¯− 1
3
⊕ 3¯ 1
3
⊕ 11
)
⊕
(
6 1
3
⊕ 3− 1
3
⊕ 1−1
)
, (C.6)
35v −→
SO(7)±
35 −→
SU(4)±
15⊕ 10⊕ 10
−→
SU(3)×U(1)±
(
80 ⊕ 3¯− 2
3
⊕ 3 2
3
⊕ 10
)
⊕
(
6¯− 1
3
⊕ 3¯ 1
3
⊕ 11
)
⊕
(
6 1
3
⊕ 3− 1
3
⊕ 1−1
)
. (C.7)
On can also obtain the branchings with respect to SU(3) × U(1) by going through G2. In
that case the branching rule for the three 8-dimensional representations of SO(8) are the same
8±,v −→
G2
7⊕ 1 −→
SU(3)×U(1)
(
3¯ 1
3
⊕ 3− 1
3
⊕ 10
)
⊕ 10 , (C.8)
and we obtain
35±,v −→
G2
27⊕ 7⊕ 1
−→
SU(3)×U(1)
(
80 ⊕ 6¯ 2
3
⊕ 6− 2
3
⊕ 3¯ 1
3
⊕ 3− 1
3
⊕ 10
)
⊕
(
3¯ 1
3
⊕ 3− 1
3
⊕ 10
)
⊕ 10 ,
(C.9)
which agrees with the result above.
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